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ABSTRACT Based on realistic mechanisms of Ca> buffering that include both stationary and mobile buffers, we derive and
investigate models of Ca2+ diffusion in the presence of rapid buffers. We obtain a single transport equation for Ca2+ that contains
the effects caused by both stationary and mobile buffers. For stationary buffers alone, we obtain an expression for the effective
diffusion constant of Ca>2 that depends on local Ca2+ concentrations. Mobile buffers, such as fura-2, BAPTA, or small endo-
genous proteins, give rise to a transport equation that is no longer strictly diffusive. Calculations are presented to show that these
effects can modify greatly the manner and rate at which Ca> diffuses in cells, and we compare these results with recent
measurements by Allbritton et al. (1992). As a prelude to work on Ca>2 waves, we use a simplified version of our model of the
activation and inhibition of the IP3 receptor Ca2+ channel in the ER membrane to illustrate the way in which Ca>2 buffering can
affect both the amplitude and existence of Ca2+ oscillations.
INTRODUCTION
Calcium concentrations are strongly buffered in living cells.
Buffer site concentrations have been estimated to be in the
range of 100-300 ,uM in the cytoplasm and significantly
higher in the endoplasmic reticulum (ER) (Allbritton et al.,
1992; Milner et al., 1992). Although the majority of buffers
are relatively stationary, Neher and colleagues (Zhou and
Neher, 1993) have estimated that as much as 25% of cyto-
plasmic buffers in chromaffin cells are mobile with a mo-
lecular weight of the order of 15 kDa. The time constant for
buffering has been estimated to be in the millisecond range
or smaller, so that locally in space the concentration of free
Ca>, [Ca>], is determined by the association dissociation
equilibrium with the buffers. The effect of this equilibrium
is to distribute the Ca2+ between mobile and immobile pools,
which has an enormous effect on the transport properties of
Ca2+: the mobile buffers carry Ca>2 along, and the stationary
buffers immobilize it. Thus, commonly used exogenous buff-
ers, like BAPTA, or mobile fluorescent indicators, like
fura-2, can reduce the effect of endogenous buffers and, so
speed up the transport of Ca>.
A number of previous experimental and theoretical
studies have been carried out to assess the effect of buff-
ering on Ca>2 concentrations in localized areas of cells.
Of primary interest, especially in the early work, was
estimating the concentration of cytosolic Ca>2 near the
inner face of Ca2+ channels (Chad and Eckert, 1984;
Fogelson and Zucker, 1985; Simon and Llinas, 1985).
This has been significant in assessing the relevance of
the shell (Eckert and Chad, 1984) and domain models
(Sherman et al., 1990) of Ca2+-induced inactivation of
Ca>2 channels. This work has continued, with recent
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research focusing on the extent of Ca> domains (Llinas
et al., 1992; Stern, 1992), their penetration into the in-
terior of cells (Nowycky and Pinter, 1993), and the effect
of exogenous Ca>2 buffers, such as BAPTA and fluores-
cent indicators, on Ca>2 dynamics (Blumenfeld et al.,
1992; Hernandez-Cruz et al., 1990; Sala and Hernandez-
Cruz, 1990; Roberts, 1993; Roberts, 1994). Because Ca>
that enters a cell via ion channels redistributes itself
throughout the cell via diffusion, the influence of buffers
on the otherwise rapid diffusion of Ca>2 in aqueous media
has been a key issue (Hodgkin and Keynes, 1957; Now-
ycky and Pinter, 1993; Allbritton et al., 1992).
The issue of how buffers affect the movement of Ca>2 in
cells has recently arisen in the context of Ca>2 signaling from
internal stores. Inositol 1,4,5-trisphosphate (IP3), produced
by agonist-mediated receptors in the plasma membrane, is a
potent effector of Ca>2 release from the ER (Berridge, 1989).
This mechanism is now widely believed to be a key feature
of Ca>2 oscillations in a number of cell types, including ham-
ster and Xenopus oocytes (Lechleiter and Clapham, 1992;
Miyazaki et al., 1992; Nuccitelli et al., 1993), gonadotrophs
(Li et al., 1994; Stojilkovic et al., 1993; Tse and Hille, 1991),
RBL cells (Meyer and Stryer, 1991), and other cell types
(Berridge, 1989). Mathematical modeling of the kinetics of
the IP3 receptor/Ca>2 channel (De Young and Keizer, 1992;
Keizer and De Young, 1994; Li and Rinzel, 1994) in the ER
has reinforced the notion that the coagonist properties of
Ca>2 (Bezprozvanny et al., 1991; Finch et al., 1991) in con-
junction with pumping by the ER's Ca>2 ATPase pump can
explain the oscillations. In oocytes and other large cells, these
oscillations often occur in conjunction with Ca>2 waves
(Lechleiter and Clapham, 1992). To understand these phe-
nomena, knowledge of the effect of endogenous Ca2+ buff-
ers, as well as exogenous buffers and indicators, which are
important tools in studying Ca>2 release, is essential. To
understand the propagation speed, the frequency, and the
amplitude of Ca>2 waves, the in situ magnitudes of the
diffusion constant of both Ca2+ and IP3 are also important
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(Allbritton et al., 1992; Lechleiter and Clapham, 1992;
Mironov, 1990).
We report here a simplified description of these effects
that is valid when the association dissociation equilibrium
of the buffers is rapid with respect to diffusion. This con-
dition is met by a number of important endogenous and
exogenous buffers and allows for great simplification in
the equations that describe the movement of Ca2 . Instead
of a reaction-diffusion-type equation with a constant dif-
fusion coefficient coupled to other differential equations
for the mobile and stationary buffers, we find that only
a single nonlinear transport equation is required. This
equation describes the time rate of change of the Ca21
concentration and, in the case of stationary buffers alone,
gives rise to a diffusion equation with a Ca2+-dependent
diffusion coefficient. In the presence of stationary and
mobile buffers, the transport equation also contains terms
that involve the diffusion coefficients of the mobile buff-
ers and is more complex. Eliminating the shortest time
scales allows larger time steps when numerically solving
the reduced equations.
In addition to simplifying the dynamic description of buff-
ering, this formalism allows us to define and calculate an
effective diffusion constant for Ca21 under a variety of con-
ditions. We use these ideas to compare our calculations
with in vitro diffusion measurements on Xenopus oocyte
cytoplasm (Allbritton et al., 1992). We also derive ex-
pressions for the limiting values of the diffusion constant
at low Ca21 concentrations, examine the dependence of
the diffusion constant on the percentage of mobile buffer,
and determine the range of concentrations at which fura-2
might alter diffusion of Ca21 within cells. Finally, in
preparation for our treatment of Ca>2 buffering effects on
Ca waves, we carry out calculations using a model of
IP3-induced Ca2 oscillations (De Young and Keizer,
1992; Li and Rinzel, 1994), with the nonlinear effects of
buffering explicitly included. Changes in the amplitude,
period, and existence of oscillations can be appreciable
both for endogenous cytoplasmic and endogenous ER
Ca>2 buffers.
EQUATIONS IN THE PRESENCE OF RAPID
BUFFERING
In this section we consider the simplest case of Ca>2 buff-
ering that includes both stationary and mobile buffers. We
let Bi represent the buffer, where i = s or m represents
stationary or mobile buffers, respectively. The buffer re-
actions are then
ki+
B + Ca>2+ CaBi,
k-
(1)
where CaBi represents Ca> bound to a buffer site. As-
suming mass action kinetics and Fickian diffusion
(Keizer, 1987), we can immediately write the four trans-
port equations that describe Ca2" buffering:
a[Ca2] = DcIV2[Ca2+] -ks+Ca2+][Bs] + k,-[CaBs]
at (2)s
- k+[Ca2+][Bm] + km[CaBm]2
a[Bm]I
t= D V2[Bm]- k[Ca2+][Bm] + km[CaBm],
(3)
a[CaBm]
at, = DCBDV2[CaBm] + k+[Ca2+][Bm]
-akiCaBm],
a[CaBk,Ca]l
a[CaBS]
= k+[Ca2+][Bs] - k[CaBs], (5)at
where the k+ are the association and dissociation rate
constants; D Ca' DB, and DCaB are the diffusion constants
for free Ca2+, mobile buffer, and Ca2+ bound to mobile
buffer, respectively; and concentrations are represented
by square brackets. These equations contain five time
scales: the two time scales of the buffering and the three
time scales of diffusion.
In what follows, we assume that the buffering time scales
are rapid, reaching equilibrium at each point in space before
appreciable diffusion occurs. This means that the buffering
is a singular perturbation (Murray, 1989), which we handle
by deriving an equation for the local, total concentration of
Ca2+, [Ca2+]T:
[Ca2+]T= [Ca"] + [CaBj] + [CaBi].
By adding Eqs. 2, 4, and 5, we find that
a[Cdt ]T = D V2[Ca2+] + DCaB V2[CaBm].
(6)
(7)
This equation does not involve the rapid buffering time scale
and, therefore, involves no singular perturbation. It is pos-
sible to eliminate [CaBm] from this equation using the as-
sumption of rapid equilibrium
[CaBi] = [Ca2+][B ]TKi + [Ca>2]'1 (8)
where Ki is the dissociation constant and [Bj1T is the total
concentration of stationary or mobile buffer binding sites.
When combined with Eq. 6, Eq. 8 allows [Ca2+]T to be writ-
ten in terms of [Ca"]:
[Ca2+]T - [Ca2+](1 + [Bs1T + [Bm]T\T []+(Ks + [Ca2+]) (Km + [Ca2+]) I
(9)
As we show in Appendix A, Eqs. 7-9 can be used to obtain
the following, single transport equation for free Ca2+:
a[Ca2] = I3(DCa + yDCaB )V2[Ca2+]
K2myDCBV[Ca+2] CKm + [Ca>2]
(10)
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where
=(1+ (K [Ca2+])2 +(K m2+])2\ (11)(1+ + (KmS[S]+K [Ca
and
Km[Bm]T (2
= (Km + [Ca2+])2 (12)
Two additional conditions on the mobile buffers, derived in
the Appendix, are required for this simplification: 1) the ini-
tial total concentration of the mobile buffer,
[Bm]T = [Bm] + [CaBm], (13)
must be spatially uniform, and 2) the diffusion constants
DCaB andDB must be approximately equal. These conditions
seem to be reasonable for endogenous buffers with molecular
masses above 1-2 kDa, and should be realistic for many
exogenous mobile buffers, especially dextran associated flu-
orophores; they will be assumed true throughout the remain-
der of this work.
Note that in addition to the diffusive-appearing contribu-
tion of the first term in Eq. 10, there is a second term in-
volving the square of the Ca2+ gradient. That term is less than
or equal to zero for all gradients and, therefore, is nondif-
fusive. Indeed, it counteracts the diffusive-like movement of
unbound Ca2+ given by the first term. In the absence of mo-
bile buffer, -y = 0 and 13 simplifies to
1
(1
= + (K ] ])2 (14)
In this case, the equation involves only a diffusion-like
Laplacian term, albeit with a Ca2+-dependent diffusion
coefficient, i.e.,
a[Ca2+]
_(+ Ks[Bs]T 1D V2[Ca2+] (15)
at k +(Ks + [Ca2>])2, DV[Ca2~. (5
A more complete understanding of the nondiffusive term
in Eq. 10 can be obtained by writing that equation in the form
of an equivalent conservation equation (Keizer, 1987).
Defining the calcium-dependent diffusion constant as
D([Ca2+]) = +D~ KmB]T(6aC (Km + [Ca2+])2) (16)
and the diffusion flux as
j([Ca2"]) =-D([Ca2+])V[Ca2+], (17)
bound Ca2" ions caused by surface fluxes. Using Eq. 11, it
is easy to show that the derivative d3/d[Ca2"] is non-nega-
tive. Thus, the second term in Eq. 18, which is the nondif-
fusive term, is never positive and, therefore, represents a sink
for unbound Ca2" ions. This nondiffusive sink term is a result
of the uptake of Ca2" by buffers that occurs when unbound
Ca2" ions move down their concentration gradient. Indeed,
as long as d1/d[Ca2"] > 0, a larger fraction of the ions that
move down the gradient into the lower concentration region
will be taken up by the buffers there than will be released
from the buffers at the high concentration end of the gradient.
Only when df/d[Ca2] 0, which occurs as a limiting case
when [Ca2"]/Ki << 1, does the nondiffusive sink term vanish.
By using the explicit form for j([Ca2+]) in Eq. 17, it is pos-
sible to decompose the first term in Eq. 18 to obtain
a[C2a =-D([Ca2+])V2[Ca2+]
at
(19)(d[Ca2+] d[Ca2+]D([Ca]))
X V[Ca2+]. V[Ca2+].
This form of the equation makes it clear that the nondiffusive
term in Eq. 10 has two components: one that arises from the
dependence of the diffusion constant, D([Ca2+]), on [Ca2+]
and the other that arises from the sink effect described
in Eq.18.
The validity of the rapid equilibrium approximation de-
rived in the Appendix requires that the time scales for buff-
ering be rapid with respect to the time scale of diffusion. The
buffering time scales can be estimated by linearizing the
terms for the association reaction around their equilibrium
values, which gives
1
T.*
=k-+V Ca2]+Bi)k1 i (20)
The characteristic times for diffusion, on the other hand,
depend on the gradients in the system and can be written
(21)Tdif L21DI
where L is a length characteristic of the spatial profile of the
species with diffusion constant, D. Thus, the condition for
the validity of the rapid equilibrium approximation can be
written
rT <L2/D. (22)
it is possible to rearrange Eq. 10 into the form
a[Cat2] =-V j([Ca2+])
at (18)
dp D([Ca2+])V[Ca2+] . V[Ca2+].
f3d[Ca2+]
This is the standard form of a conservation equation in which
the first term represents changes in the concentration of un-
In the cytoplasm the diffusion constant of unbound Ca",
DCv, has been estimated (Allbritton et al., 1992; Zhou and
Neher, 1993) to be about 225-300 tLm2 s-1. The diffusion
constants for mobile cytoplasmic buffers can be estimated
from their molecular masses, which appear (Zhou and Neher,
1993) to be in the range 7-20 kDa, to be a factor 2-10 smaller
than that for Ca>2. Diffusion constants for small exogenous
buffers, such as BAPTA or fura-2, are probably smaller than
that of Ca>2 (Timmerman and Ashley, 1986). If we assume
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that a spatial profile of Ca" has a length scale of 5 ,um, as
might be typical of a sharp Ca" wave front, then Eq. 22 and
these estimates of diffusion constants imply that the rapid
equilibrium approximation should hold if equilibration times
for the buffers are less than approximately 10 ms. In chro-
maffin cells, a time constant for stationary and mobile buffers
of the order of 1 ms has been estimated using patch pipettes
(Neher and Augustine, 1992), whereas from the values of
km = 97 s and k+ = 601 gMs-1 for fura-2, one estimates a
relaxation time of the order of 5 ms. Thus, the rapid equi-
librium approximation, as given by Eq. 8, should be a rea-
sonable approximation for most in vivo measurements.
The approximation also can be tested numerically by in-
tegrating Eqs. 2-5 and comparing the result to Eq. 10. A
typical result for purely stationary buffers is shown in Fig. 1,
where an initial Gaussian pulse of Ca2+ ([Ca2+] = 1.78 ,uM
at maximum, width = 5 ,um) was added to a uniform back-
ground of Ca>2 ([Ca>2]0 = 0.1 ,uM). The differences in
[Ca2+] at times the order of a few milliseconds represents the
breakdown of the approximation on small length and time
scales. Note that as time proceeds, the approximation im-
proves on all length scales. Calculations with the same dis-
sociation constant, K., as in Fig. 1, but with larger values of
the rate constants, exhibit an even shorter initial interval in
which the two calculations are different.
The equations derived in this section are easily generalized
when multiple types of stationary and mobile buffer sites are
present, all participating in buffering by the association-
dissociation reaction in Eq. 1. The resulting equations are
given in Appendix B. In case some of the buffers are not
rapid, then the ordinary differential equations that corre-
spond to their slow kinetics (cf Eq. 1) must be solved along
with the transport equation for [Ca>2].
2.0
1.5
- 1.0
Cu
0.5
0.0
0 2 4 6 8 10
X (PM)
FIGURE 1 Plot of [Ca2"] distributions at t = 1 ms, t = 50 ms, and t =
100 ms for Eqs. 2-5 (dashed curves) and Eq. 10 (solid curves). Simulations
assumed no mobile buffer, used a simple explicit integration scheme (for-
ward difference in time, centered difference in space, with 1B evaluated at
the center node), and parameter values k+ = 10 ,uM-1 s-', k- = 100 s-1,
K, = k-1k+ = 10 ,.M, Dc, = 225 ,Um2 s-1, [BS]T = 114 ,uM.
EFFECTIVE DIFFUSION CONSTANTS
Despite the complexity of Eq. 10, it is possible to derive
expressions for effective diffusion constants for Ca> under
a variety of different conditions. Because of the explicit ap-
pearance of [Ca>] in Eq. 10, these expressions generally
depend on [Ca>]. Consider first the simplest situation with
only stationary buffers. In that case, Eq. 15 applies along with
the simplified expression for in Eq. 14. If we consider a
small pulse of Ca>, released via a pipette or from caged
Ca", diffusing into a cytoplasmic background of concen-
tration co, then these equations suggest that the effective dif-
fusion constant of Ca> can be approximated by
D ,BPDa = 1 + (-4+co) D (23)
If co is large compared to the pulse size, [Ca2+] co, and this
approximation improves. In the limit of small co or large K,,
this expression for Dapp reduces to
Ks
a'p KS + [BS]T a (24)
which is useful for approximate calculations.
A numerical definition of Deff can be derived from the
diffusion equation. If the diffusion constant is actually a con-
stant, the diffusion equation has a Gaussian solution for an
initial Gaussian pulse into a background concentration, co.
Indeed, for the initial condition
c(x, 0) = co + (2'rnr)-o2exp(-x2/(2cr)), (25)
the solution of Fick's law (with D as a constant) is
c(x, t) = c0 + (4-rDt + 2crr)1/2exp( 4D[+ 2)' (26)
where here, and in the remainder of the paper, we simplify
notation by writing [Ca>2] = c. After the spread of an initial
Gaussian pulse, centered at the origin, we use Eq. 26 to define
an effective diffusion constant for Eq. 10 as
Deff4m t [c(O, t)-co]2 2t)
where ( ) denotes a running time average over a short time
interval centered at t.
We first apply this definition in the presence of sta-
tionary buffer alone using Eq. 15. That equation simpli-
fies greatly if we change to the dimensionless variables:
c* = (K, + c)//K,[B, x = xIL, and t* = tDc,L-2,
where 0 ' x ' L. For one spatial dimension it takes the
form
Ac* c* 2 a2C*
At* -c*2 + 1 ax*21 (28)
Fig. 2 illustrates graphs of Doff, calculated using Eq. 27,
and the approximate expression given in Eq. 23 as
functions of the background concentration, c * = (K, + co)l
.K[B,]T. In terms of the dimensionless variable, c*, the
(27)
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approximate expression in Eq. 23 becomes
c*02
pp c*o+ 1
0.30
(29)
which is shown as the full line in Fig. 2. Calculations with
Eq. 28 were carried out with an implicit integration
scheme (see Fig. 2) using values of [BS]T = 100 ,M and
KS = 1 FM. Eq. 28, however, predicts that the calculations
should give results independent of these values, a fact that
we have verified numerically.
Notice in Fig. 2 that as c* increases, the background Ca21
saturates the buffer, thus decreasing the ability of the buffer
to hinder the diffusion of Ca2+. As expected, at high c*, the
approximate expression for Dapp in Eq. 29 improves dramati-
cally. From the nondimensionalization, we see that increas-
ing K, increases c *, thereby increasing Deff; increasing [BS]
however, decreases c*, thereby decreasing Deff* The inset in
Fig. 2 is a blow up of the region of physiological values of
c*. Although the relative error made in using D as an ap-
proximation to Deff is as high as 50% in this region, the
difference Deff
-Dapp remains fairly constant.
In the presence of mobile buffer, the reduced equation can
be nondimensionalized by the same transformation if we as-
sume that K, = Km. This yields
ac* _ c*2 + BrDr a2c* 2BrDr tac*
at* c*2 + 1 +BraX*2 C*(C*2 + 1 + Br)x* ) (30)
where Br = [Bm]T/[B,]T and Dr = DCaBmDca. Thus, in the
presence of mobile buffer, solutions of the diffusion equation
will depend only on Br and Dr, and we can characterize Deff
simply by specifying Br and Dr. This is done in Fig. 3, where
DefIDCa is given as a function of Br for several values of Dr
with Ks = Km = 5 ,uM. Increasing the mobility of the buffer
increases Deff as does increasing the percentage of mobile
1.0
0.8
0.6
a 0.4
0.2
0.0 I4
0 1 2 3
co* = (Kc + cn) (K, [BI]T)
FIGURE 2 Plot of D,elP/Dc (solid curve) and D.pp/Dc. (4
dimensionless background Ca2' concentration c . Inset sho
values of c*. In these simulations, [BS]T = 100 pM, K, = 1
,uM2 s-' and no mobile buffer. Numerical integration schi
remaining simulations used (implicit) Crank-Nicholson wil
the center node of the backward time.
0.20
as
a
4)r
az
0.10
0.00
0.0 0.2 0.4 0.6
Br = [BmIT / [BCJT
0.8 1.0
FIGURE 3 Plot of DCff/Dc. versus Br for three values of Dr. Parameter
values: K, = Km = 5 ,M, Dc, = 250 1Im2 s-, cO = 0.1 ,uM, with [BSITand
[BmIT varied such that total buffer [B.SIT + [BmIT = 200 ,uM.
buffer. This confirms our intuition that the mobile buffers
assist Ca2" transport by competing with the stationary buffers
for Ca2" binding and then carrying the bound Ca2" along as
they diffuse. The effect here can be significant, even when
the total amount of mobile buffer is only of the order of 10%
of the stationary buffer. As the three curves show, mobile
buffers with much smaller diffusion constants than Ca2" can
increase the effective diffusion constant by factors of two to
three. Based on experiments in chromaffin cells (Zhou and
Neher, 1993), this suggests that mobile endogenous buffers
will be an important factor in determining the rate at which
Ca21 moves.
APPLICATIONS OF THE THEORY
To demonstrate the utility of this formalism, we have applied
it to several problems of current interest: the effect of mobile
fluorescent indicators on Ca2` diffusion; measurement of
Ca2` diffusion constants in the presence of endogenous buf-
fers; and the effect of Ca2" buffering on Ca2` oscillations.
Mobile fluorescent indicators
We have investigated the effect of mobile indicators on Ca2"
diffusion using Eqs. 10 and 27 to calculate effective diffusion
constants. We have used binding constants for the stationary
buffers that are typical of those estimated in the cytoplasm
0.6 and used the measured value of the dissociation constant for
fura-2, Km = 0.16 ,uM. Fura-2 is a mobile buffer and, there-
4 X fore, its diffusion can affect the diffusive transport of Ca2 .
We have used a value of 50 ,um2 s-Ifor the diffusion constant
of fura-2, which is of the order of the value measured in
+ +) versus the smooth muscle cells (Timmerman and Ashley, 1986). Fura-2
ws physiological is an appropriate choice for applying our formalism, not only
forCa because it is used extensively in experiment, but also becauseeme f this and
th f3evaluated at its rapid binding kinetics satisfy the time scale separation
required by our formalism (Kao and Tsien, 1988). Given the
Dr,=0.2
+. Dr=0.3
+--+Dr=0*4
-+
±l + ......
± ~ ~ /+ew
± /ko +
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relative sizes of fura-2 and Ca2 , it also appears likely that
the diffusion constants of fura-2 with bound Ca2' and free
fura-2 are quite similar, which is the other assumption un-
derlying Eq. 10.
Fig. 4 shows the results of the fura-2 simulations. In
these simulations, we used K. = 10 ,uM, Km = 0.16 ,uM,
[BSJT= 150 ,M, Dc = 250 m2 1,Dm =50m221,
co = 0.1 ,uM, and varied [Bm]T, the total concentration of
fura-2, in the range 0-1 ,uM. The main graph illustrates the
increase in the effective diffusion constant of Ca2' as a func-
tion of the total concentration of fura-2. Even with the con-
centration of fura-2 as low as 1 ,uM, the effective diffusion
constant is increased by about 30%. In this range, the increase
with fura-2 concentration is approximately linear, which can
be deduced from Eq. 10 using the approximate expression
DPKm+mBm]T ) (31)app__go ca+ m (K + C0)2
where go is evaluated at the background Ca21 concentration,
co. However, already at 10 ,uM, a concentration of fura-2 well
below that often used experimentally, the diffusion constant
is increased by more than a factor of 3, from 17 to 60 gm2 s- .
The insets illustrate another important feature of the simu-
lations. The upper inset shows the time course of Deff, cal-
culated in the presence of 0.1 ,uM fura-2, far below values
used experimentally. Note that Deff achieves a constant value
within about 20 ms, showing that the transport of Ca2+ rap-
idly becomes diffusive at this concentration. At higher con-
centrations, however, Deff does not achieve a constant value,
as shown at 10 ,uM fura-2 in the lower inset. These and
similar calculations with larger values ofDC,B make it clear
that the nondiffusive terms in Eq. 10 can be significant
at concentrations of mobile buffer much smaller than the
stationary buffer.
24
21
18
15
0.0 0.2 0.4 0.6
[fura-21 (LtM)
FIGURE 4 Plot of Deff as a function of total fura-2 coni
Insets show time series of Deff for [BmIT = 0.1 ,uM (1
[Bm]T = 10 ,uM (lower inset). Parameter values: K. =
0.16 gM, [BSIT = 150 ,uM, Dca = 250 jim2 s-1, DCaB
co = 0.1 ,IM.
It is possible to use Eq. 10 to estimate the conditions under
which the nondiffusive second term in that equation becomes
significant. We introduce the nondimensional variables c* =
c/Km, x* = x/L, and t* = tDcJL2 into Eq. 10, where for fura-2
c* is order of unity at physiological values of [Ca21]. This
gives
ac* 2 * V
at = (l( + y(DCaBm/DCa)) {'V c* aVc* . cj (32)
where
[Bm]T/Km
f (1 + C*)2 (33)
2,y(Dc,BD,
a=
caB./Dca) (34)
(1 + c*)(1 + y(DCaBmIDCa)) (
It is obvious from the form of Eq. 32 that it will behave like
a diffusion equation with an approximate diffusion constant
as long as the second term in the curley brackets is negligible
compared with the first term. This will occur when
2y(DcBM/Dca)
(1 + c*)(1 + Y(DCaBm/DCa))
Using Eqs. 33 and 34 and the fact that c* 1, we find that
[Bm]T/4Km
[Bm]TI4Km + Dca/DCaB. (36)
The data for fura-2 given in the legend to Fig. 4 are easily
used in this expression to determine the concentration of
fura-2 at which the criterion in Eq. 35 breaks down. We find
that this occurs when [fura-2]T 0.6 ,uM, in good agreement
with our simulations.
Although Eq. 35 only applies in the presence of a single
type of mobile buffer, it is possible using Eq. 44 in the Ap-
pendix to show that the presence of low affinity endogenous
mobile buffers (Km 2 5 ,uM) does not change the criterion
in Eq. 35 appreciably. We have also checked that the low
affinity mobile buffers used in the calculations given in
Fig.3 do not cause the effective diffusion constant calcula-
tions to break down except when their concentration is large.
We find, in general, that the lower the affinity of the mobile
buffers, the better the effective diffusion approximation
becomes.
In vitro measurements
We have carried out calculations that simulate the in vitro
1.0 measurements by Allbritton et al. (1992) of the diffusion
constant of Ca21 in cell-free extracts from Xenopus laevis
0.8 1.0 oocytes. After calcium handling by the ER and mitochondria
was inhibited, diffusion of Ca2 , presumably only in the pres-
ence of endogenous buffers, was monitored using 45Ca2+ as
ucentration, [Bma a tracer. By layering the tracer at one end of a tube and
uspper inset) and following its progress over time, profiles of Ca2+ concen-10 ALM, Km =
50 jgm2 S-1, tration, normalized to the maximum value at the origin, were
obtained.
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We have simulated this experiment directly using Eq. 10
with an initial 44-,uM pulse of Ca2" at the origin and a back-
ground Ca2" concentration of c0 = 0.1 AM, similar to the
values used in the experiment (Allbritton et al., 1992). We
have used a range of plausible values for DC,, Dm7 dissocia-
tion constants, and buffer concentrations in these calcula-
tions. A typical result is shown in Fig. 5. That calculation
included predominately stationary buffers (K. = 8.3 ,AM,
[BSJT = 114 ,uM), and only a small amount of exogenous
mobile buffer (Km = 0.16 ,uM, [Bm]T = 0.1 ,uM, and
DCaB = 250 gm2 S-'), and Dca = 250 ,um2 S-1. The amount
of mobile buffer, which has a smaller effect on these cal-
culations than the stationary buffer, was purposely kept small
in this example to avoid the nondiffusive contributions of the
sort illustrated in Fig. 4. In Fig. 5, the solid curves represent
the normalized Ca21 profile calculated at 15-min intervals
using Eq. 10. These results are in reasonable agreement with
experimental results on cell free extracts (Allbritton et al.,
1992). For comparison, Eq. 31 was used to define an apparent
diffusion coefficient, Dapp = 21.1,m s-1, for this simulation.
The dashed curves in Fig. 5 illustrate the resulting Gaussian
curves that come from solving the diffusion equation with
this constant value for the diffusion constant. Although this
approximation gives a slightly faster rate of spread for the
Ca21 profile, it does a reasonable job of approximating the
complete calculations. Thus, under appropriate conditions of
mobile buffer, Eq. 31 should be a reasonable approximation
(Zhou and Neher, 1993).
We have been able to calculate values of the effective
diffusion constant for Ca21 that are comparable with those
reported experimentally in this preparation using the fol-
lowing diffusion and buffer constants: DC, = 370 Am2 S-1
[BS]T = 85.5 AM, K, = 6 AtM, [Bm]T = 28.5 ,M, Km = 6,uM,
and c0 = 0.1 ,AM. For these values we find that Deff = 38
,Am2 s-1. The mobile buffer in this case is assumed to be
1.0
0.8
O 0.6
+_
1 0.4
0.2
0.0
0.0 0.5 1.0
X (mm)
FIGURE 5 Solid curves are plots of normalized [Ca2"] distributions
at 15-min intervals for an initial 44 ,uM Ca2" pulse at the origin. Dashed
curves are Gaussians that result from a constant diffusion constant,
Dapp = 21.1 11M2 s- . Parameter values: K, = 8.3 ,uM, Km = 0.16 ,uM,
[BSIT = 114 ,uM, [BmIT = 0.1 ,uM, Dc. = 250 um2 s-1, DCaB = 250
s-,c0 = 0.1J.lM.
endogenous, with [Bm]T taken to be 25% of the total endo-
genous buffer and Dc = 75 pLm2 s- . Decreasing K, and
Km to 1,M lowered the value of Deff to 27 pIm2 s- , whereas
increasing K, andKm to 10,uM yielded Deff = 49tkm2/s; these
latter values represent the low and high ends of the statistical
tolerance levels for the measured values of DCa reported in
(Allbritton et al., 1992). These low and high values of K.
correspond to the experimental estimates of the extreme val-
ues for the buffering dissociation constant, calculated by
measuring free Ca2' after adding different amounts of Ca21
to extracts (Allbritton et al., 1992).
Buffering effects on Ca2+ oscillations
Exogenous buffers have been shown to alter the speed of
Ca2+ waves in mature Xenopus oocytes (Nuccitelli et al.,
1993), an effect that might be related to the various buffering
terms in Eq. 10. One effect of buffering persists even if the
concentration of Ca2+ is spatially uniform. In this case Eq. 38
becomes
d[Ca2+]TI 1 d[Ca2+]
dt - dt (37)
where J represents the rates of other mechanisms that trans-
port Ca2+ into or out of the cytoplasm. Here, as a preliminary
to treating Ca2+ waves, we explore the effect of buffering on
a recent mechanism that has been used to explain IP3-induced
Ca2+ oscillations (De Young and Keizer, 1992).
We employ a simplified two variable version of the
De Young-Keizer model (Li and Rinzel, 1994) that accu-
rately reproduces the original model. Details of the model,
including the influence of buffering of Ca2+ in the cytoplasm
and ER, are given in Appendix C. The effects of buffering
in this model are most easily seen by examining bifurcation
diagrams. Two such diagrams are given in the main graphs
in Fig. 6, which show the steady state values of [Ca2+] cal-
culated from the kinetic equations, Eqs. 47-49 as a function
of the parameter [IP3]. Two types of steady states are rep-
resented: stable steady states, represented by a single line,
and stable oscillations, represented by the maximum and
minimum values of [Ca2-] in the oscillation. The insets show
similar bifurcation diagrams for the buffering function, ,B(c).
The "bubble" structure in the diagrams begins and ends at
points of Hopf bifurcations, where the steady states lose or
regain their stability.
Using [1P3] as the bifurcation parameter, we found that the
range of [IP3] values for which the model exhibited calcium
oscillations depends strongly on the buffering dissociation
constants in the cytosol, Kcy,, and the ER, KER. For example,
for Kcy, = 0.75 ,uM and [Bcyj = 150 ptM, oscillations oc-
curred in the range 0.419 ,uM ' [IP3] ' 0.646 ,uM, whereas
increasing Kcy, to 1.50 ,uM produced oscillations for 0.347
,uM ' [IP3] ' 0.837 ,uM. Furthermore, increasing Kcyt in-
creased the amplitude of the oscillations, the maxima in-
creasing and the minima decreasing, across the entire range
of [1P3].
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FIGURE 6 Plot of steady-state values of [Ca2"] as a function of the bi-
furcation parameter [IP3], as explained in text. Upper panel buffering pa-
rameters K, = 1.5 ,uM, [Bcy,] = 150 ,M. (Lower panel) Kc,, = 150 ,uM,
[BY,] = 1.5-104 p.M. All other parameters as in Appendix C. Insets are
bifurcation plots for ,B(c).
Increasing Kcyt with [Bcy,] fixed increases the average frac-
tion of free calcium. Fig. 6 illustrates the effects of increasing
cytand [By] with Kcyt/[Bcyt] fixed at 0.01. In the top plate
of Fig. 6, Kcy, = 1.5 ,uM and [Bcyt] = 150 ,uM. For these
values, which are realistic biophysically, oscillations begin
at [IP3] = 0.347 ,uM and terminate at [1P3] = 0.837 ,uM and
are of large amplitude. The inset to that figure shows that the
buffering factor, ,B(c), also oscillates, changing its value by
a factor of two or more. Indeed, to insure that oscillations in
, are negligible, it is necessary to increase the values of Kcyt
and [Bcyt] appreciably. This is shown in the bottom plate of
Fig. 6 for Kcyt = 150 ,M and [Bcyt] = 1.5 * 104 ,uM, where
the value of is now constant at 1/(1 + [Bcyt]/Kcy) = 1/101
as predicted by Eq. 24. With these parameters, the oscilla-
tions become identical to those in which buffering is treated
with a constant parameter, (3, having both an identical am-
plitude and sensitivity to [IP3] (De Young and Keizer, 1992;
Li and Rinzel, 1994).
Estimates of Kcyt vary from less than 1 ,uM to more than
10 ,uM (Allbritton et al., 1992), whereas endogenous buffer
site concentrations have been estimated in the range of 100-
300 ,uM. Thus, the calculations with realistic values of Kcyt
and [Bcyt] (top plate of Fig. 6) suggest that buffering plays
a significant role in cellular calcium oscillations. Indeed, be-
cause the factor depends explicitly on [Ca2+], buffering
does more than just rescale the time in Eq. 37 and could serve
a function in controlling both cellular calcium oscillations
and waves.
In these calculations, we have assumed that the Ca2+
buffers in the ER are of high capacity and low affinity, with
[BER] = 120,000 ,uM and KER = 1200 ,M. These values are
supported by recent experimental work (Milner et al., 1992).
By varying these quantities (not shown), we have found that
they, too, can modify the amplitude, frequency and existence
of Ca21 oscillations in this model. Thus, Ca2+ buffering on
either side of the ER membrane would seem to be of potential
importance for 'P3-induced signal transduction.
CONCLUDING REMARKS
By eliminating the concentrations of rapid buffers from the
equations that describe the transport of Ca", it is possible to
define more clearly the effect of buffers on Ca21 movements
in cells. Although we have focused exclusively on buffers
with independent, equivalent sites, the same type of analysis
could be applied easily to other types of buffers. By com-
bining our transport equation with the differential equations
for slow buffers, our formalism also can be used to describe
the combined action of fast and slow buffers. The explicit
formulae that we obtain for the effective diffusion constant
of Ca2 under different conditions appear to be useful in
analyzing experimental data in cell free extracts (Allbritton
et al., 1992). Using these expressions in the presence of vary-
ing amounts of exogenous buffers, it might also be possible
to extrapolate to the intrinsic diffusion constant of Ca>2
in situ.
The formalism is also useful in assessing the relative con-
tributions of mobile and stationary buffers. However, be-
cause mobile buffers contribute a nondiffusive term to the
Ca2+ transport equation (cf. Eq. 10), it is not always possible
to define an effective diffusion constant for Ca>2 in the pres-
ence of mobile buffers (Zhou and Neher, 1993). For exog-
enous buffers such as fura-2, this effect becomes important
at concentrations of the indicator above 1 ,uM, and at con-
centrations higher than 10 ,uM, the influence of fura-2 on
diffusion is difficult to interpret. This argues in favor of using
protocols with less mobile forms of indicators, such as fura-2
dextran, which should act more like stationary buffers.
Our primary interest in buffering is the influence of ex-
ogenous and endogenous buffers on Ca>2 oscillations and
waves. Measurements in the cytoplasm suggest that in many
cells about 99 out of every 100 Ca>2 ions in the cytoplasm
are bound (Neher and Augustine, 1992; Tse et al., 1994).
According to Eqs. 14, 15, and 37, this implies that both the
effective diffusion constant of Ca2+ and its rate of influx or
efflux into other compartments are reduced by a factor of
about 0.01. This has a number of implications, not the least
of which is that small percentage changes in the fraction of
bound Ca2+ can strongly influence the rate of accumulation
or depletion of free Ca>2. Thus, a change of the fraction of
bound Ca>2 from 0.99 to 0.98 actually doubles these rates.
It is possible that cells use this feature to regulate the dy-
namics of Ca2+ movements.
Because the factor (3(c), which determines the effect
of Ca2+ on the rates of Ca2+ influx and efflux, is actually
dependent on [Ca2+], it has potential influence on Ca>2
oscillations and waves. Using our previous model of IP3-
induced Ca2+ oscillations (De Young and Keizer, 1992; Li
and Rinzel, 1994), we have shown that changes in ,B(c) can
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modify, or even eliminate, Ca2+ oscillations when buffer
characteristics are in the phenomenological range. These cal-
culations make it clear that exogenous buffers can have simi-
lar effects, which provides a further caveat in the use of
indicators to detect oscillations and might suggest additional
applications of exogenous buffers as tools for exploring os-
cillations. Because Ca2' buffers influence both fluxes and
diffusion of free Ca2+ ions, they have an even greater po-
tential significance for Ca2" waves. This, and related results,
will be reported in detail in a forthcoming publication.
APPENDIX A
Derivation of Eq. 10
We first obtain the differential equation for [Ca2"IT by differentiating Eq.
9 with respect to time. Recalling that both [Ca2"] and [BmIT depend on time,
this gives
a[Ca2+]T 1 a[Ca2+] [Ca2+] ([Bm.J
at (3 at [Ca2+] +Km at
Using Eq. 7 in place of the left hand side of Eq. 38, making use of]I
for i = m, and rearranging then gives an equation for [Ca2+] with the sin
perturbations eliminated:
c[Cat2] -3D,V[Ca2] + DCQB V2 [Ca2B ] +KC
at [ a
3[Ca2+] a[Bm]T
[Ca2+] + Km at
This equation involves two variables, [Ca2+] and [Bm]T. Adding tog
Eqs. 3 and 4, we can obtain the equation satisfied by [B.IT:
a[Bm]T =D V2[B ] +V2 [Ca ]
at [CaT
(38)
the free Ca2" concentration is
a[Cat2] + =yjD )V2[Ca2+]
-202 jytD,,,, V[Ca2+] * V[Ca2+],Kn+ [Ca2+]
where the generalization of the factor 03 is
(KSi + [Ca2+])2 + j,(K + [Ca2+])2
and the generalizations of the factor y are
KmjBmb]T
j (Kmj + [Ca2 ])2
(44)
(45)
(46)
These equations generalize Eq. 10 and can be used in the same fashion.
APPENDIX C
Buffering in the De Young-Keizer model
Using Eq. 37, it is possible to introduce the effect of Ca2" buffers into Li's
simplication of the De Young-Keizer model (Li and Rinzel, 1994). This
leads to the following equations:
dw w:O-w
dt TCa,
(39) d[Ca2=] cl [ 4Ca2+] 3 1
dt - Cl [VI +~a+)vJ([Ca2] - [Ca2+])
(47)
(48)
V3 (k2 + [Ca2+]2 )
where the indicated functions are
(40)
where e = DCM - DB. Substituting this equation into the previous one
then gives
adCa2 ( [ [B. TCa2+]a]= CV2[Ca]+] + DCV2
,at k'" [Ca2~
I3[Ca2+] VJJ +E2[B ]T[Ca2+][Ca2+] + Km. ,2ImT+E2I [Ca2+] +K.m
(41)
Eqs. 40 and 41 are the most general reduced equations for Ca2" buffering.
These equations simplify if E = 0 and [Bm]T is initially uniform in space.
Under these conditions, the second term in Eq. 40 vanishes and [BmIT 's,
therefore, constant in time and space. This implies that the last term in Eq.
39 is zero and that the factor [BmIT in the second term is a constant. Thus,
the Laplacian becomes
[B +K[Ca2] (2+ - 2V2[~~2+]+ Km Km + [Ca2+] (42)
where
Km[BmlTi43
(Km [a2+])2(
Substituting this into the simplified Eq. 39 yields Eq. 10.
APPENDIX B
Generalization of Eq. 10 for multiple buffers
Under the assumption of rapid equilibrium for all of the buffers, the alge-
braic manipulations leading to Eq. 10 remain valid for each of the buffer
species. As a consequence, it is easy to show that the equation satisfied by
[IP3] + d,
[IP3]+ d3
P3]
W,
= [1P3]+dd ad2 + [Ca2 ])
1
Ca a2(ad2 + [Ca2+])'
fcyt + Kt + [Ca2i)-
= 1+ Kcyt[Bcyt]
+ (Kcyt + [Ca2+])2J
b = KER + [BER] - ]
[Ca2] = 1/2(-b + yb2 + 4KRR(Co- [Ca2 ]If,Y,)/c1)
(50)
(51)
(52)
(53)
(54)
(55)
(56)
Here we have used K,,1 and [B,,1J for the dissociation constant and buffer
site concentration in the cytosol, and KER and [BER] for the dissociation
constant and buffer site concentration in the ER. Explicit inclusion of buff-
ering effects modifies the expression (De Young and Keizer, 1992) for
[Ca2], whose dependence on [Ca2"] now comes from solving the quadratic
equation for conservation of total Ca2+, and introduces the factor, 3, into
Eq. 49. The scale factor T in Eq. 49 compensates for the fact that the buff-
ering term, 3, was absorbed into the constants vl, v2, and v3 in earlier work
(De Young and Keizer, 1992; Li and Rinzel, 1994). Choosing T = 0.01
permits us to retain the previous values (De Young and Keizer, 1992) of all
the parameters in the model: d1 = 0.13 ,uM s-5; d2 = 1.05 ,uM s-1; d3 =
0.943 ,uM s-'; d5 = 0.0823 ,uM s- ; a2 = 0.2 s-1; co= 2.0 ,uM; c, = 0.185;
vI = 6 s-1; v2 = 0.11 s-';v3 = 0.9pM S-1; k3 = 0.1 iM. The remaining
parameter values are given in Fig. 6.
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